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The nonlinear optical response of thin Si slabs is calculated using a 
discrete dipole approach. The s-polarized second harmonic response as 
a function of the angle of incidence appears to be in reasonable 
agreement with experimental results. The p-polarized SHG shows a 
high sensitivity for the shape of the polarizability profile. 
RECENTLY nonlinear optical techniques like 
Second Harmonic Generation (SHG) and Sum 
Frequency Generation (SFG) have been proven to 
be versatile and sensitive surface and interface probes 
[1,2]. They have found application in such varying 
subjects as the study of the structure of interfacial 
molecular monolayers and electrodes [1-3], the 
spectroscopy of buried interfaces [4] and the in situ 
monitoring of surface dynamics [5, 6] and epitaxial 
growth [7]. SHG arises from the nonlinear polar- 
ization P(2w) induced by an incident laser field E(w): 
P(2w) = ~(2)E(w)E(w), (1) 
where the nonlinear susceptibility X (2) contains 
material parameters. 
For a centrosymmetric medium, X (2) is only 
nonvanishing at symmetry breaking interfaces, 
which accounts for the surface sensitivity of SHG 
(and analogously of SFG). Most theoretical 
approaches to surface SHG are predominantly 
generalizations of bulk continuum descriptions 
[8] in combination with the nonlinear laws of 
reflection and refraction as derived by Bloembergen 
et al. [9]. Except for the time-dependent density 
functional approach by A. Liebsch [10], that 
describes the isotropic nonlinear esponse of simple 
(jellium like) metal surfaces and recent bandstructure 
calculations for Si-Ge superlattices [11], no true 
microscopic alculations for the surface nonlinear 
optical response have been performed so far. 
In this paper we will show how one can calculate 
the SHG from thin dielectric slabs by describing them 
with lattice planes of discrete, nonlinear dipoles. Such 
an approach is much better suited to incorporate the 
influence of local fields and generally ields a more 
flexible description of surface phenomena. In parti- 
cular, the dependence on the angle of incidence will 
be studied. We will also investigate if such a model 
yields an adequate description of the nonlinear 
response of semiinfinite systems. The numerical 
results are compared with SHG data for Si and 
found to be in reasonable agreement. The method 
closely follows the equivalent method for the linear 
Surface Induced Optical Anisotropy (SIOA) 
problem, that was successfully developed earlier by 
us [121. 
A thin dielectric slab, can be described by a set of 
characteristic dipoles Pi (located at ri), belonging to 
and completely governing the optical response of 
dipole lattice planes i. These Oi can be obtained in the 
linear case by solving the slab interaction equations, 
given by: 
= ( )ErxT(rj, (2a) 
J 
~.j(o)) = ~; l  eij - oLol~ij, (2b) 
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where a; represents the local polarizability tensor 
governing the ith plane, a0 = 47reoa3,a = lattice 
constant and f is a transfer tensor [12]. EEXX is the 
externally incident electric field of frequency w, 
wavevector k and amplitude E 0. Once the Pi are 
known, the remote optical response of the slab can be 
exactly calculated. 
We have shown that this scheme of calculation 
yields a highly flexible instrument to study the linear 
optical response of thin slabs, especially of the 
anisotropy involved. Within the basic assumptions 
of discrete dipole theory, the results obtained are 
exact. 
We want to extend this model for nonlinear cases. 
The only modification concerns the induction 
principle, becoming in simplified form (time retard- 
ation omitted) for a separate dipole: 
p(t) = ~ (1)E(t) +~ (2)E(t)E(t)r, (3a) 
where E(t) is the instantaneous electrical field at the 
dipole.From this equation if follows, that the second 
harmonic obeys parallel translational symmetry in 
the same way as the fundamental frequency [12]: 
pt(w) = P0(w)e i2kll(w)'s' (3b) 
where the index l refers to a general site within the 
lattice plane. From equation (3b) follows that the 
second harmonic reflection is specular and that 
transfer tensors can be used again to obtain the 
second harmonic electric fields radiated by the planes 
of dipoles. If beam depletion can be neglected, as is 
the case for SHG from surfaces of bulk centrosym- 
metric crystals, the nonlinear interaction equations 
acquire the following simple form: 
pi(2w) = E l~'J 1 (2w)E~ma (2w) (4a) 
E~N H (2w) = {~) ') (2w)}-1~2~)2)(2w) 
[(~)l)(~a3)}-lpj(~J)l[{C~)l)(~z))}-lpj(o.))]T. (4b) 
For a slab of N layers of dipoles equation (4a) results 
in a 3N x 3N complex matrix problem, which can be 
treated in exactly the same way as for the SIOA linear 
problem. For the calculations, we take a slab of N 
layers, where N has been varied between 20 and 80. 
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First p/(w) is calculated from equation (2) following 
[12]. Full solution of the equation (4) finally yields the 
second harmonic dipole strength's pi(2w). The local 
and far away e.m. fields are calculated by super- 
position of the spherical waves emitted by the 
induced dipoles, and from that the nonlinear 
reflectivity can be obtained by: 
27ria3k2 [t. Z exp (ik.rj)pj]. (5) 
r, -- Sws]kzlaoE ° J 
Sws is the area of the surface unit cell and i the 
polarization vector of the reflected beam [12]. 
Comparing our calculations with a macroscopic 
[8-10] approach, one immediately realizes that in our 
case we do not have to apply boundary conditions to 
obtain the reflected e.m. fields. Similarly as for the 
linear case, this is a result of the fact that the local 
dipole strengths are calculated irectly, whereas, the 
emitted electrical fields are then obtained by direct 
superposition. As an additional benefit, a high degree 
of freedom has been obtained to incorporate the 
surface microscopic geometry. 
We will apply the method described above to a 
thin Si(1 1 0) slab, composed of simple f.c.c, lattice 
planes of dipoles. The polarizabilities for the surface 
planes are obtained from [13] and the remaining bulk 
polarizabilities follow from the bulk dielectric 
constant via the Clausius-Mossotti relation. The 
intrinsic anisotropic surface properties are contained 
in the three outermost lattice planes [13]. The results 
are calculated for a fundamental Nd-YAG frequency 
of 1.064#m (1.15eV). Table 1 summarizes the 
parameters in units of a0=7.1328× 10-39Fm 2. 
The anisotropic azimuth 9t is defined as the angle 
between the plane of incidence and the surface (1 [ 0) 
direction. 
Figure 1 shows the results of the calculation of 
pi(2w) for a slab of 32 layers. 
Consistent with bulk inversion symmetry 
the hyperpolarizability a (2) (2w) has been chosen zero 
for the bulk. (2) asurr (2w) had an isotropic value of 
10 -5° Fm 2 for the two surface regions and for the 
electric field strength 107 Vm -1 was used. The latter 
corresponds to a typical aser fluence of 5 mJ/mm 2 for 
a 10ns pulse. Figure 1 shows that the outermost 
Table 1. Linear and nonlinear susceptibilities for  a Si(1 1 0) surface at hw = 1.15 e V. Al l  values are in units o f  at. 
x-  1 10. v=0) !  
o~ w 20." 
.?. 0~ !2'~a'73~" -- r 00002525:' 0.1342297 + i0.000703r 
5 0. !24251. ! 5 -r ;0.00 ~'~" !~:" 0.1344456 + i0.00! 555 
~' ~ 0,!225435~ - i0.00041853" 0.t_3232! ~ -4- i0.00~730".- 
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Fig. 1. Modulus Ipi(2)l as a function of layer index i 
for a Si(1 10) slab at law= 1.15eV, Oi=O ° and # 
layers = 32.--:f~ = 0 ° - . -  : f~ = 90 °. 
layers of the slab display a strong nonlinear esponse. 
In the slab interior an almost flat dipole strength can 
be observed, showing that bulklike conditions have 
been obtained. It is important to notice that the 
second harmonic response pi(2w) is nonzero in this 
bulklike region, although a(E)i(2w) equals zero there. 
This is a result of the linear response in the bulk at 2w 
caused by the surface emitted SHG fields. 
This behaviour is contrary to the SHG continuum 
treatment, where (in the electric dipole approx- 
imation), the bulk nonlinear susceptibility and 2nd 
harmonic sources disappear [9]. For higher fre- 
quencies (above about 3 eV) the strong nonlinear 
surface response pi(2w) will involve substantially 
more layers than three and will show an oscillatory 
behaviour [12]. 
From these values for pi(2w) the reflected SHG 
intensity for such a slab is calculated. 
Figure 2 shows the angular dependence (normal- 
ized with respect o 0 -- 0 °) of the s-polarized SHG 
intensity for a s-polarized input beam. To indicate the 
convergence of the slab calculations we have plotted 
the results for a number of different layer thicknesses. 
Also plotted in Fig. 2 are the experimental data 
points for Si(1 1 1) normalized in the same way. For 
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Fig. 2. Convergence behaviour: Normalized ss 
SHG reflection l (2w)/ I (w) from a Si(1 1 0) slab as a 
function of the angle of incidence 0. -  :law = 1.15 eV, 
# Layers: 50, 65, 79; - ' -  :hw = 9.20eV, # Layers: 50, 
65, 79. Crosses: experiment. 
the experiment we used the fundamental frequency of 
a Nd-YAG laser at 1.06 #m (1.15 eV). The sample 
was an optically flat, standard oxidized Si(1 1 1) 
wafer. 
From the solid curves in Fig. 2 we learn that no 
convergence has been obtained yet for 50, 65 and 79 
layer slabs at 1.15eV. In an artificial manner the 
convergence an be improved• We simply increase the 
frequency from 1.15 eV to 9.2 eV and leave all other 
parameters the same. (This procedure has been 
shown to be equivalent to increasing the slab 
thickness with a factor of 8, but costs much less 
computing time.) For 79 layers and 9.2eV a very 
good agreement as compared to experiment can be 
obtained, although these results are still a few percent 
from full convergence• Moreover, the experimental 
data concern oxidized Si(1 1 1), whereas, the calcu- 
lation has been made for unreconstructed Si(1 1 0). 
So although the agreement has to a certain extent o 
be considered as fortuitous, the results of Fig. 2 
contain a good indication, that a nonlinear discrete 
dipole calculation is suited to describe SHG. 
From the linear continuum treatment of surface 
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Fig. 3. Profile influence: p-type anisotropic reflectance 
difference AR and SHG reflection from a Si(1 1 0) 
slab as a function of 0. # layers: 79 andlaw = 9.2eV. 
(a) AR, (b) SHG. r s = 3.0 : - rectangular , - - - :  tri- 
angular, - -: hyperbolic, rs = 6.0 . . . .  : rectangular. 
optics, it is known that differential reflectance 
measurements yield only information about Acs~d~, 
where Acss, indicates the difference between the bulk 
dielectric onstant and the dielectric onstant of the 
surface layer (thickness ds) [14]. Neither of these 
properties can be obtained independently, according 
to the Mclntyre-Aspnes model which we have found 
to be in agreement with discrete dipole calculations. 
The discrete interpretation of the Mclntyre-Aspnes 
constraint requires that the sum of the differences 
between layer polarizability and bulk polarizability 
has to be invariant. Figure 3(a) shows the the p-type 
anisotropic reflectance difference 6R for 4 different 
polarizability profiles obeying this constraint (r s is the 
effective depth of the profile). The AR results display 
hardly any profile sensitivity. The nonlinear esponse 
for the same 4 cases is shown in Fig. 3(b). Now for 
the higher energy of 9.2eV a minimum comes out 
clearly near 70 ° angle of incidence. The precise 
interpretation of this minimum requires a more 
detailed investigation (as we know now it does not 
behave like a Brewster minimum), but the pro- 
nounced ependency from the profile shape is clearly 
demonstrated. The possible implication from these 
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few calculations is that from combined linear and 
nonlinear observations information can be obtained 
about the range of surface optical effects in the 
direction perpendicular to the surface. 
In conclusion we have shown in this paper that 
the classical problem of SHG from bulk centro- 
symmetric systems can be solved exactly within the 
discrete dipole approach, using the solution of the 
related linear SIOA problem as a starting point. 
Different from the continuum picture, the discrete 
model predicts weak nonlinear bulk response. SHG 
and SIOA turn out to be closely related phenomena. 
Although the results given here are restricted to thin 
slabs only, the results obtained are already in 
reasonable agreement with experiments. 
Compared to s-type SHG, an extra minimum in 
the p-type SHG has been found, as well as an 
increased sensitivity for the shape of the polarizability 
profile. All benefits which have been found for the 
discrete dipole model before, such as direct access to 
microscopy, influence of surface geometry and 
sensitivity for the outermost monolayers, have been 
found for the nonlinear case as well. 
The rigorous discrete dipole approach also opens 
new roads for the quantitative description of SHG, as 
we hope to work out in future publications. 
In particular, the anisotropy of the SHG from 
crystalline semiconductor surfaces can be addressed 
directly in this way. 
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